Abstract. We present all Belyi maps f : P 1 C → P 1 C having almost simple primitive monodromy groups (not isomorphic to An or Sn) containing rigid and rational generating triples of degree between 50 and 250. This also leads to new polynomials having almost simple Galois groups over Q(t).
Introduction
A triple (x, y, z) ∈ S 3 n is called nice if it satisfies the following conditions:
• x, y is not a full symmetric or alternating group.
• x, y is primitive and almost simple.
• (x, y, z) is a genus 0 triple.
• (x, y, z) is rigid and each element is contained in a rational conjugacy class of x, y . Using Magma [3] we can find all nice triples of permutation degree between 50 and 250.
Theorem. There are exactly 10 nice triples (x, y, z) up to simultaneous conjugation with x, y, z being a permutation group of degree between 50 and 250. These triples generate the following groups: Aut(HS) 100 2 O + (8, 2) 135 1 According to Riemann's existence theorem and the Riemann-Hurwitz formula every nice triple (x, y, z) of the previous theorem leads to a 3-branchpoint coveringf : P 1 C → P 1 C (also called Belyi map) with monodromy group isomorphic to x, y . Combining the rational rigidity criterion and some additional rationality considerations shows the existence of a Möbius transformation µ such that f :=f • µ ∈ Q(X), see [4] and [5] . Note that Belyi maps are unique up to inner and outer Möbius transformations. In this paper we will present Belyi maps to all nice triples of the theorem and verify their respective monodromy group.
Computed Results and Verification
We use the following definitions and facts: Let f = p/q ∈ Q(X) be of degree n where p and q are coprime polynomials in Q [X] . The arithmetic monodromy group of f is defined as A := Gal(p(X) − tq(X) ∈ Q(t)[X]), and the geometric monodromy group as G := Gal(p(X) − tq(X) ∈ C(t) [X] ). Both groups act transitively on the n roots of p(X) − tq(X) in a splitting field and we have G A ≤ S n . The subdegrees of A correspond to the degrees of the irreducible factors of p(X) − f (t)q(X) ∈ Q(t) [X] .
In order to verify the respective geometric monodromy groups we will pursue the following idea:
The first step is to check whether the computed function f = p/q = 1+r/q is indeed a Belyi map, i.e. a three branch point covering P 1 C → P 1 C ramified over 0, 1 and ∞. This can be done by combining the Riemann-Hurwitz genus formula with the factorization of the polynomials p, q, r ∈ Q[X]. We will omit this easy computation in the following.
The next step is to obtain the subdegrees of the arithmetic monodromy group A. In most cases we can then apply the following obvious divisibility criterion: If there is no subset of the subdegrees containing 1 adding up to a nontrivial divisor of the permutation degree, then A is primitive. If this fails we can apply Ritt's theorem which states that A is imprimitive if and only if f decomposes nontrivially into f = g • h with g, h ∈ Q(X). The latter can be tested by the decomposition algorithm found in [1] .
By checking the Magma database for finite primitive groups having the desired subdegrees we obtain a list of possibilities for the arithmetic monodromy group A, and for the geometric monodromy group G, since G A. Fortunately, in most cases only one of these groups contains elements having the same cycle structure as x, y and z. This turns out to be the geometric monodromy group G.
Once G has been determined we check if G contains exactly one generating permutation triple (up to simultaneous conjugation) having the desired cycle structure. In our examples this is always the case and ensures that the ramification data over 0, 1, ∞ is indeed given by {x, y, z}.
Note that due to the rational rigidity of (x, y, z) the splitting field of p(X) − tq(X) ∈ Q(t)[X] is regular over Q, thus we have A = G. (3,3) ) of degree 52. We begin with the nice triple (x, y, (xy) −1 ) generating Aut(PSL (3, 3) ) where The corresponding Belyi map f = p/q = 1 + r/q is given by
Aut(PSL
yields that A has subdegrees 1, 6, 18, 27. Using the divisibility criterion we find that A is primitive. As there is only one primitive permutation group of degree 52 with these subdegrees we obtain A = Aut(PSL (3, 3) ). Since G is normal in A we have G = PSL(3, 3) or G = Aut(PSL (3, 3) ). The first case can be ruled out because PSL(3, 3) does not contain elements having the same cycle structure as (xy) −1 , thus G = A = Aut(PSL(3, 3)).
PGL(2,11) of degree 55. This group has exactly two nice triples (x, y, (xy) −1 ) up to simultaneous conjugation. The first one is given by This triple corresponds to the Belyi map f = p/q = 1 + r/q where
Verification of monodromy. The polynomial p(X)−f (t)q(X) ∈ Q(t)[X] factorizes into irreducible polynomials of degree 1, 6, 12, 12, 12, 12, thus A must have the subdegrees 1, 6, 12, 12, 12, 12 and the primitivity of A follows from the divisibility criterion. The only primitive group of degree 55 having these subdegrees is PGL(2, 11). Since G is normal in PGL(2, 11) we have G = PGL(2, 11) or G = PSL(2, 11). The latter case can be ruled out because PSL(2, 11) does not contain elements with the cycle structure of y. We find G = A = PGL(2, 11).
Concerning the second nice triple (x, y, (xy) −1 ) in PGL(2, 11) we have The computed results for this Belyi map f = p/q = 1 + r/q are
Verification of monodromy. The subdegrees of A are 1, 4, 6, 8, 12, 24. By applying the decomposition algorithm we see that f is indecomposable and thus A is primitive by Ritt's theorem. It follows G = PGL(2, 11) or G = PSL(2, 11) and since there are no elements of cycle structure 2 25 .1 5 in PSL(2, 11) we conclude again G = A = PGL (2, 11) . , 4) ) of degree 56. The only nice permutation triple (x, y, (xy) −1 ) in this group is given by The Belyi map f = p/q = 1 + r/q consists of
Verification of monodromy. The subdegrees of A turn out to be 1, 10, 45, thus A is primitive. There are five finite primitive groups having these subdegrees, all between PSL(3, 4) and N S 56 (PSL (3, 4) ). As PSL(3, 4) is simple these five groups are also the only possibilities for the geometric monodromy group G A. However, only N S 56 (PSL (3, 4) ) contains a generating triple with the desired cycle structure. It follows A = G = N S 56 (PSL (3, 4) ).
Aut(PSU (3,3) ) of degree 63. This group only has the nice triple (x, y, (xy) −1 ) where The corresponding Belyi map is given by f = p/q = 1 + r/q where
Verification of monodromy. The subdegrees of A are 1, 6, 24, 32. Again, by applying the decomposition algorithm we see that A is primitive and only three possibilities for A remain. Since G is normal in A there are four possibilities for G. Fortunately, among these groups only Aut(PSU(3, 3)) contains elements of cycle structure of y and (xy) −1 . This yields G = A = Aut(PSU (3, 3) ). The corresponding Belyi map is f = p/q = 1 + r/q with
Aut(M
Verification of monodromy. This leads to the Belyi map f = p/q = 1 + r/q with
Verification of monodromy. Again, A turns out to be a primitive rank 3 group with subdegrees 1, 20, 64. Thus, we either have A = PSp(4, 4) or A = PSp(4, 4):2. As PSp(4, 4) does not contain elements with the cycle structure of y, we obtain A = G = PSp(4, 4):2.
Aut(HS) of degree 100. Both nice triples (x, y, (xy) −1 ) generating Aut(HS) have already been discussed in [2] . The first one is given by The Belyi map f = p/q = 1 + r/q is given by
Verification of monodromy. Once again, A is a primitive rank 3 group with subdegrees 1, 22, 77, therefore A = HS or A = Aut(HS) and we find G = HS or G = Aut(HS). Since HS does not contain elements having the cycle structure of (xy) −1 we get A = G = Aut(HS).
The second triple (x, y, (xy) −1 ) consists of the following permutations: The corresponding Belyi map f = p/q = 1 + r/q can be computed as
Verification of monodromy. One can apply the exact same proof as before to show G = A = Aut(HS). (8, 2) . Because G contains only one generating triple (up to simultaneous conjugation) having the desired cycle structure the ramification data over 0, 1, ∞ is given by {x, y, (xy) −1 }. Since (x, y, (xy) −1 ) is rigid we have A = G = O + (8, 2).
